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Let ets and e-“’ be (C&semigroups on a Banach space X. Their tensor product 
Y(t) is defined by 9(t)A = e”SAe-fT (A E B(X)) and has the generator A 
formally of the form dA = SA ~ AT. Under the assumption that (.9’(t); 
t > 0) is bounded, we investigate the Abel limit and the Cesko limit of Y(t).4 
at co. If Q,[Q,] denotes the set of operators A for which the Abel limit PS(A) 
[resp. P,(A)] exists in the strong [resp. uniform] operator topology, then N(d) @J 
R(d) = Q, C Q, C N(d) + R(d) and the limit defines a projection PJP,,] 
from B, [resp. Q,] onto N(d) with R(d) = N(P,) C N(Z’,) C R(d). If, in addi- 
tion, S and T are Hilbert space normal operators such that p(S) n p(T) # +, 
then Q, contains all compact operators. 
1. PRELIMINARIES 
Let X be a Banach space, and let G(t) and H(t) be (CO)-semigroups of linear 
operators on X, with infinitesimal generators S and -T, respectively. Then 
A --P G(t) AH(t) defines a semigroup Y(t) on B(X), the space of bounded linear 
operators on X. This is the so-called tensor product semigroup of G(t) and H(t) 
(see Freeman [l]). Formally, Y(t) has A as its infinitesimal generator, where 
AA = SA - r2T. 
It is the purpose of this paper to present some theorems concerning the two 
ergodic limits: lim*,,,+ h(h - 0)-l A and lim,,, t-l si Y(s) A ds in the uniform 
operator topology and the strong operator topology. The results will generalize 
the earlier ones [3, 51. In particular, Kato’s result [2] on the existence problem: 
lim,,, e-tretT+A = ? is improved. 
When G(t) and H(t) are uniformly continuous or, equivalently, when S and 
-T are bounded, Y(t) A is continuous with respect to the uniform operator 
topology for every A E B(X). That is, 9’(t) is a (C,,)-semigroup of operators on 
the Banach space B(X). Thus the problem reduces to that of a (CO)-semigroup 
which has been solved by Theorem 1 of [3]. When S or --I‘ is unbounded, 
9’(t) A is in general not continuous in operator norm and therefore Y(t) is not 
a (CO)-semigroup on B(X). Instead, it (Y(t) A) 1s only continuous in the strong 
operator topology, which is rather weaker than the uniform one. To deal with 
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this general situation, we will give a tensor-product-semigroup analogue of the 
mentioned ergodic theorem for a (C’s)-semigroup. The proofs will involve the 
use of some basic facts in the theory of tensor product semigroup, as developed 
by Freeman [l]. For convenience of reference, we shall list in the following some 
required properties. 
First we should make precise the definition of A. It is defined to be the 
operator, acting in B(X), which satisfies the two conditions (a) the domain D(d) 
consists of those A E B(X) such that AD(T) C D(S) and such that the operator 
S-4 - AT is bounded on D(T) and (b) for every A E D(d), A.4 E B(X) is the 
unique extension of SA - AT. Then we have 
(1) A is closed and densely defined with respect to the strong operator 
topology. 
(2) &3 E D(d) if and only if lim,,,,+ ((Y(t) A - .4)/t) exists strongly; and 
the limit is AA when it exists. 
(3) If -4 E D(d), then P’(t) A E D(d) and is strongly differentiable on 
0 < t < cc and in this sense 
g .9(t) 9 = Y(t) AA = A.cqt) A. 
(4) If zu is the type of Y(t), i.e., w = lim,,, t-l log jl Y(t)11 , then every 
h with Re A > zu belongs to the resolvent set p(A) of A and the resolvent is given 
by ((A - 0)-r A) N = s; e+‘(Y(t) A) x dt, (A E B(X), x E X). 
(5) Y(t) (A - 0)-l = (A - 0)-l F(t) for all t > 0 and h with Re h > ZL’. 
It should be mentioned first that Freeman [I] dealt with the special case when 
X is a reflexive Banach space. However, one readily sees that the reflexivity was 
not used in his proofs for the above facts at all. Besides, the property that A is 
closed in the strong operator topology was not proved. To show this, let A, be a 
net in D(d) such that ‘4, - ,4 and ~l-4~ = B, - B strongly. Take an arbitrary 
s E D(T), we have SrZ,x = A,Tx + B,x - ATx + Br. Since S is closed and 
--l,s - A, it follows that -4x E D(S) and SAX = ATx + Bx, which imply that 
d E D(A) and B = Ad. Now A being closed in the strong operator topology, the 
null space IV(A) is closed in this sense, and is also closed in the uniform operator 
topology accordingly. 
Kote that the definition of A uses only the density of D(T) and the proof for 
for the closedness of A uses only the closedness of S and no other properties 
of S and - T as semigroup generators. When X is reflexive, A is proved in [I] 
to be even closed relative to the weak operator topology. 
The main results will be mentioned in Section 2, and their proofs will be 
given in Section 3. 
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2. RESULTS 
will assume that the tensor product semigroup 
constant M 2 1. Since t-l Ji Il(Y(s) A) x /I ris < 
(C(t) A) .Y = t-l J‘I (Y(s) A) 5 ds, (A E B(X), x E X) 
n 
defines, for each t > 0, a bounded operator C(t) on B(X) with norm no larger 
than M. On the other hand, since the type w = lim,,, t-i log /I .Y’(t)lI < 
lim,,, t-l log M = 0, it follows from (4) that the resolvent (h - 0)-l exists for 
all h > 0 and Il((X - 0)-l A) x II .< jr cAt I/ W)ll II A Ill1 x’ II dt < (WV II A II II x II . 
Hence the operator h(/l - 0)-l is bounded by M for all h > 0. 
THEOREM 1. Let s E X and d E B(X). Then both lim,,, C(t) tlx and 
lim Am.07 /l(h - A))l Ax exist and are equal provided either limit exists. It follows 
that both so-lim,.,,z C(t) A and so-limf-,m /\(/\ - 0)-l A exist and are equal if either 
limit exists. 
The limit P,A = so-limA+s+ h(h - 0)-l A = so-lim,,, C(t) A defines an 
operator P, from Sz, to B(X), where Sz, is by definition the set of those A E B(X) 
such that the limits exist. Similarly the limit P,A E uo-lim,,,+ h(X - 0)-l A 
defines an operator P, from ~‘2~ to B(X), where Q,, is the set of those A E B(X) 
such that the limit exists. It is clear that s2, C Q, and P, C P, , and that P, and 
PS have norms no larger than M Actually they are linear projections. 
THEOREM 2. Under the preceding assumptions and defkitions, we have 
(a) 9’(t) Q, C Q, and PY.V(t) / Q, = Y(t) PS = P, . 
(a’) Y(t) L?, C Q, and PUS“(t) I Q, = Y(t) P, = P,, . 
(b) P,V2 = P,* and PU2 = P, . 
(4 W’s) = W’u) = N(A). 
(d) N(P,) and N(P,) are umformly closed and R(A) = N(P,) C N(P,,) C 
R(A). 
Thus Q,l and Q, are two uniformly closed subspaces satisfying 
N(A) @ R(d) = Qu C sz, C N(A) + R(A). (*) 
Here R(A) and R(A), respectively, denote the closure relative to the uniform operator 
topology and that relative to the strong operator topology. 
COROLLARY 3. Zf ;2 E Q,, = N(A) @ R(A), then uo-lim,,, C(t) .4 = 
uo-lim,-,+ A(h - A)-’ 9. 
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COROLLARY 4. If S, - T are (C,)-semigroup generators such that I/ 9’(t)j] < 1 
for all t 3 0, or if S and T are Hilbert space normal operators such that 
co u(S) n Co u(T) contains no interior point, then ~\~‘(d) is orthogonal (in the sense 
of BirkhofJ) to R(A). 
Note that in the latter case, S and T, as normal operators, are closed and 
densely defined so that d is well defined. 
Remarks. (i) When S is of finite dimension, the uniform and strong 
operator topologies are the same and all terms of (*) are equal to B(X). But the 
inclusions there may be strict if X is infinite dimensional. (ii) When 9’(t) is a 
bounded group, we have a corresponding result for lim:,,- h(X - 0)-l d (-= 
lim A-AJf X(X + 0)-l A) and lim,,-, C(t) 4 (= lim,,, t-l so Y( -s) A ds). It fol- 
lows from the equality in (*) that uo-lim,,,+ X(X - A)-l = uo-lim,,,- X(h -0)-l = 
zto-lim,++, C(t) A = ~o-limt,-io C(t) d for A in Q,. However, so-lim,,,, C(t) d 
(= so-limA.,o+ h(h - 0)-l A) may differ from so-lim,+, C(f) A (= 
so-lim,,-.,- h(h - 0)-l -4) if -4$ Qz, . We illustrate these by the following 
k4MPLE. Let S = L”(- co, co) (1 < P < co), T = d/d.x so that etru(x) = 
U(S + t). Let Y(t) be the tensor product of etr and e~mfr, and .Y’(t) be the tensor 
product of e-tr and etr. If A’, PL and Pi denote the generator and the ergodic 
projections of 9”(t), then A’ = -A which yields, by (c) and (d), that 52, = 
- 
N(A’) @ R(B) = N(d) @ R(d) = Q, and Ph = P, . Let A be the operator of 
multiplication by a complex-valued, bounded, measurable function 4 and let 
lim,,+,, q(t) = q& exist and q+ # q- . Simple computations with so-lim,,, C(t) A 
show that A E Q, r\ J?i , P,A = q+I, and PIA = q-1 (see [2, p. 681). A is not in 
N(A) @ R(o); if it were, then we would have q+I = P,A = P:A = P,A = 
P~iA = q-l, a contradiction. This shows N(A) @ R(d) $ Q,Y n Sri and P, # Pi . 
In [2] it is proved that if 5’ = T is a skew-adjoint operator in a Hilbert space H, 
then J2, contains B,(H) (the set of compact operators on H). By Theorem 2, 
we have B,(H) C -W(O) @ R(d). The following are generalizations. 
THEOREM 5. If S and T are normal operators in H which have the properties: 
- 
int[G a(S) n Co u(T)] = $ and p(S) n p(T) i 4, then B,(H) C N(d) @ R(d). 
THEOREM 6. If the injinitesimal generators S and -T are normal operators 
with p(S) n p(T) # + and if the tensor product semigroup -Y(t) is uniformly 
bounded, then B,(H) C Q, . 
It is not hard to see, due to the Hille-Yosida theorem, that the above theorems 
are applicable in particular when S = T is a normal operator with its spectrum 
u(T) contained in a certain vertical line. 
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Finally, the results are combined with Theorem 1 of [2]. The product is the 
following solution for the limit problem: lim,,*,, ~tr&r+A = ? 
COROLLARY 7. Let T (or T - ~lrI) be the generator of a bounded (Q-semi- 
- 
group on X. Then for every ,4 E N(A) @ R(A), 
lim e-tTetT+A = lim e-tT+AetT =~ 
t*+cc t-r*a exP(A*) (**) 
exist in the uniform operator topology with A, = A- being the projection of B on 
- 
N(A) along R(A). This is particularly true for all, compact operators A provided 
that T is a Hilbert space normal operator with o(T) contained in some vertical line. 
On the other hand, as shown by the above example, the strong operator limits 
do not behave as well as the uniform case. We have that the “+” part of (**) 
holds with -4, = P.J for A EL?, and the “-‘I part holds with A- = P6,4 for 
A E Sz: . In general, sZ,$ f Qi, and even when A E Qn, n Qi, A, may differ 
from A- . 
3. PROOFS 
By putting f(t) = (9(t) -4) x and by using the formula in (4), we obtain 
Theorem 1 immediately from the following 
PROPOSITION. Let f (t) be a ‘rounded and strongly measurable X-valued function 
on (0, 00). Then lim,,, t-l li f (s) ds and lim,,,+ h sr e-“ff(t) dt both exist and are 
equal, provided either limit exists. 
One can consult Theorems 8.2.3 and 8.2.4 of Widder [6] for the proof. 
Proof of Theorem 2. (a) Suppose d E Q, , then by (4) we have for every x E X 
(h(X - 0)-l Y(t) -4) N = /\ lox e-ns(.Y(s) 9’(t) ;2) E ds 
=A r” euAS(9’(s + t) A) x ds 
‘0 
= eAtA [s,” - J’,‘] e+‘(.Y(u) -4) x du 
= eat [(X(h - A)-’ A) s - A [ ecAu(9(u) A) x du] , 
which goes to (PJ) x - 0 as A + O+. Therefore 9(t) ,4 E Q, and P,Y(t) 4 = 
P,$&4. 
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The other identity follows from the following computation 
(Y(t) Psc2) x = G(t) (P,A) H(t) x = G(t) jib$X(h - 0)-l -4) H(t) x 
= G(t) lim X 
s 
x e-^“(.Y(s) -4) H(t) x ds 
h-O+ 0 
= lim X 
I 
z e-A”G(t) (Y(s) A) H(t) .Y ds 
A-.0+ 0 
I 
x E lim h e+(.Y(t + s) -4) s ds, 
A-Of 0 
which has been proved to be (PJr2) N. 
(a’) By (5), we have lo-lim,,,+ h(X - 0)-l Y(t) -4 = .9(t) uo-limA,o+ h(h - 
d)-l A = Y(t) P,A for A E Q,, . This means that Y(t) 8, C Q, and P,.Y(t) 1 Sz, 
= Y(t) P,, . The other identity follows from (a) and the fact that Q, C Q, and 
p,, = p, I Q, . 
(b) It follows from (a) that h(X - 0)-l P,-4 = X[so-sr e-%Y(t) P&i dt] = 
h[so-j,” ecAtPsA dt] = PsA f or all X > 0 and A E Q,? . Hence P&2, C Q,9 and Ps2 = 
P, . Similarly, PJ2, C Q, and P,” = P,, . 
(c) It suffices to show that N(d) C R(P,) and R(P,) C N(d). If A E N(A), 
then the resolvent equation X(X - 0)-l A = (A - 0)-l AA + A shows that 
X(X - 0)-i A = ,4 for all h > 0 and so -4 = PI,9 E R(P,). If A E R(P,), then 
(a) and (b) imply that A = P,A = -Y(t) P,<.4 = Y(t) -4 for all t 2 0 and (2) 
gives A-4 = lim,,,+((Y(t) B - L4)/f) = 0. 
(d) First, the closedness of N(P,) and M(P,,) follows from the uniform 
boundedness of A(X - A)-l (A > 0). S econd, R(d) C N(P,,) follows from the 
estimate 
11 A(A - 0)-l d-4 11 = x 11 h(h - 0)-l A - a I[ < A(M + 1) 11 A I[. 
Finally, we claim that N(P,) C R(d) and N(PJ C R(A). In fact, the resolvent 
equation (A - A) (A - 0)-l -4 = -4 (-4 E B(X)) implies 
and 
!I a + d(h - Ll-1 A 11 = 11 A(X - 0)-l A /I 
11 Ax + (A@ - 0)-l A) x 11 = 11(X(X - Ll-1 A) x II , (x E X). 
If A E N(P,), then the first identity implies --_4 = uo-limA,o+ A(/\ - A)-’ 4 E 
- 
R(A). If A E N(P,), then the second identity implies --A = so-lim,,,+ d(h - 
0)-l &4 E R(A). The proof for Theorem 2 is thus completed. 
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Pvoof of Corollary 3. If ;2 E N(d), then (a’) and (c) of Theorem 2 imply 
.Y(t) A = Y(t) P,,=l = A (t 3 0) which then gives uo-lim,,, C(t) rl = 
lim t-l si Y(s) A ds = A = P,=l. If A = AB, then (3) implies that C(t) A = 
t-l $ Y(s) AB ds = ((Y(t) B - B)/t), the integral being in the sense of strong 
operator topology. Since Y(t) (t > 0) and C(t) (t > 0) are bounded families, 
one easily proves that C(t) ;I converges uniformly to 0 for any d E R(A). But 
P, vanishes on R(d), so we have 
uo-lim C(“) A = P,,B = uo-lim h(X - 0)-l -4 
t+r .\bOf 
for all A in 52, = N(A) @ R(A). 
Proof of Corollary 4. The first case is obvious from the fact 11 P, Ij < 1 and 
the definition of orthogonality. Suppose S and Tare normal with int[EG a(S) n 
Co a(T)] = 4. Simple geometrical consideration shows that there exist a unit 
complex number a and a real number b such that if S’ = aS + 6 and T’ = 
aT + b, then Re A < 0 < Re p for all X E a(S) and all p E a(T’). It follows that 
S’ and -T’ are infinitesimal generators of contractive semigroups (see, e.g., 
[3, p. 1841) so that their tensor product Y’(t) is contractive too. Let A’ be the 
generator of 9”(t), then N(A’) 1 R(A’). But A’A = S’A - AT’ = aSA - 
aAT = aAA for A E D(A). Hence N(A) = N(A’) 1 R(A’) = R(A). 
Proof of Theorems 5 and 6. We take a h E p(S) n p(T). The map A,: A -+ 
(A - S)-l A - A(h - T)-’ defines a bounded operator with domain 
D(A,) = B(H). For any A E B(H), the operator B = (X - S)-l A(h - T)-l 
has its range contained in D(S), and for x E D(T), we have 
(SB - BT) x = S(h - S)-l A(h - T)-l x - (h - S)-l A(h - T)-’ TX 
= [S(X - S)-l - /\(A - S)-l] A(h - T)pl x 
+ (A - S)-l A[X(h - T)-’ - (A - T)-l T] x 
= [(A - S)-l d - A(/i - T)-‘1 .v = (A,.4) x. 
This means that BE D(A) and AB = A,B. Therefore R(A,) C R(A). On the 
other hand, since S-4 2 AT if and only if (A - S)-l A = A(X - T)-l, the null 
spaces of A, and A are identical. These, together with the fact that A,, 1 B,(H) 
is normal in B,(H) (which is to be proved in the lemma), lead to 
B,(H) = N(A,, I B,(H)) @ R(A, I B,(H))= C N(A,) G &A,) C N(A) @ R(A). 
Here R(An 1 B,(H))= means the closure of R(A, 1 B,(H)) relative to the Schmidt 
norm. B,(H) being dense in B,(H) in the uniform operator topology, we actually 
have B,(H) C N(A) @ R(A). 
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LEMMA. If S, T E B(H) are normal, then A j B,(H) is a normal operator on the 
Hilbert space B?(H) of Hilbert Schidt compact operators. 
Proof. Let A, B E B,(H). The following computation (see [4]) 
/(AS,T)* A, BJ,, = (-4, A,.,B)? = (A+!, SB), - i-4, BT ,? 
= (S*A, Bj, - <aT*, B), =: /As*,T@), B;, 
shows that (A 1 B,(H))* = (A,.,)“’ = ASk,Tb, i.e., A*A = S*d - dT*, 
(A E B,(H)). Also, a direct computation shows A,,,A,,,,, - A,,.,,A,,, = 
ASS*-S,S,TT.-T*T = 0. Hence we have (A / B,(H)) (A 1 B,(H))* =: (A 1 B,(H))” 
(A 1 B,(H)); that is, A / B,(H) is normal in B(B,(H)). 
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